MULTI-SPECIES PATLAK-KELLER-SEGEL SYSTEM
SIMING HE AND EITAN TADMOR

ABSTRACT. We study the regularity and large-time behavior of a crowd of species driven by
chemo-tactic interactions. What distinguishes the different species is the way they interact
with the rest of the crowd: the collective motion is driven by different chemical reactions
which end up in a coupled system of parabolic Patlak-Keller-Segel equations. We show
that the densities of the different species diffuse to zero provided the chemical interactions
between the different species satisfy certain sub-critical condition; the latter is intimately
related to a log-Hardy-Littlewood-Sobolev inequality for systems due to Shafrir & Wolansky.
Thus for example, when two species interact, one of which has mass less than 47, then the
2-system stays smooth for all time independent of the total mass of the system, in sharp
contrast with the well-known breakdown of one specie with initial mass> 8.
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1. INTRODUCTION

In this paper, we consider the multi-species parabolic-elliptic Patlak-Keller-Segel (PKS)
system which models chemotaxis phenomena involving multiple bacteria species

Oong+V - (Vean,) = An,, «a €T,
(1) Ao =D bagns,
BeT
no(z,t = 0) = nao(z), = €RE

Here n,,c, denote the bacteria and the chemical densities respectively. The parameters
a, f € T indicate the bacteria and chemicals’ species. The total number of species, which is
denoted |Z| throughout the paper, is assumed to be finite. The first equation in the system
(1.1) describes the time evolution of the bacteria density n, subject to chemical density
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2 SIMING HE AND EITAN TADMOR

distribution ¢, and diffusion. The second equation governs the evolution of the chemical
density c,, which is determined by the collective effect of different species of bacteria ng. The
chemical generation coefficients by represent the relative impact of the bacteria distribution
ng on the generation of the chemical c,.

Remark that system (1.1) covers the more general setup, in which each species has its own
sensitivity to the chemo-attractant, quantified by the positive constant parameters {x,},

Onat+xaV - (Veang) = Ang, «a €7,

(1.1)" —Aca = bagns,
BeL

no(z,t = 0) = nao(z), = €R2

Indeed, if we let 7, > 0 be scaling parameters at our disposal, we set n! := n,n, and
¢l = XaCa, then (1.1)" is reduced to (1.1) for the ‘tagged’ variables, (n.,c, ), with re-scaled

generation array, by, 5 = Xabagnﬁ_l. In particular, choosing 7z = 1/x3 shows that if B = {b,s}
is symmetric, then so is B’.

In the last few years, social interaction within biofilms — a special form of bacteria colonies,
intrigued increasing interest among the biology and biophysics community, [12]. In a biofilm,
billions of bacteria of different species live together and create hard-to-remove infections.
Different cells in the biofilm specialize in various tasks, acquiring food, defending colony and
reserving genetic information included. Chemical signals and ion signals are generated to
commute information within these bacteria colonies. The multi-species PKS model (1.1)
serves as an attempt to understand the biofilm. Moreover, in the Chemotaxis experiment,
the bacteria involved have large genetic variation. For example, E.coli only share 30% of
their genes. The equation (1.1) also serves as a more accurate model taking into account the
possible genetic variation appeared in the experiments.

We recall the large literature on the single species PKS model (1.1) (|Z| = 1), referring the
interested reader to the review [18] and the following works [3]-[6],[10]-[11],[19],[17],][24],[23],
[26],[20]. We summarize the essential results here. The preserved total mass of the solution
M = |n(t)|;r = |no|r determines the long time behavior. If the intitial data ng has
subcritical mass M < 87 and finite second moment, the unique global smooth solutions
exist for all time, [5],[7],[13]. If M is strictly greater than 87 and the second moment is
finite, solution blows up in finite time, [19],[22],[5]. If M = 8, solution aggregates to a
Dirac mass as time tends to infinity, [4].

The multi-species PKS equation (1.1) has attracted increasing interest in the last decade.
Its study originates in Wolansky’s work [27]. Since then, a lot of research were carried out
in the specific case of two interacting species, [9],[2],[21],[1],[15],[14]. Even in the two-species
case, the PKS systems (1.1) behave differently from the single-species ones. Consider the
PKS equation (1.1) subject to symmetric chemical generation coefficients

L bll b12 i 01
(1.2) B = [ byt by | — |1 0]
which models two species with cross-attractions. We will prove that if one species has mass
strictly less than 4, the solutions to (1.1) exist globally regardless of the mass of the other

species. However, if some critical mass constraint is violated, the solutions undergo finite
time blow-up. On the other hand, for some special non-symmetric chemical generation
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SR
the solutions n := {n,}aer to (1.1) decay to zero unconditionally.

In this paper, we quantify a global well-posedness condition for the multi-species PKS
model (1.1) subject to symmetric chemical generation coefficients, and we characterize its
long time behavior (for both — symmetric and non-symmetric cases), along the lines of our
results announced in [16].

Before stating the main theorems, we list the basic assumptions and terminologies. The
following initial conditions are always assumed

(1.3) Znao(l +|2[*) € LY(R?);  ngolognag € LY(R?), Va €.

a€el

matrices, e.g.,

We store the chemical generation coeflicients b,s’s and the masses M, = [nq (-, t)|1 = |naol1
in compact matrix/vector form:

(14) B = {ba,@}a,BEfD B+ = {(ba,ﬁ>+}a,ﬁ€Ia M = {Ma}a627 Ma = ’na0|17

where (-)4 denotes the positive part of the function. We introduce the function Qg m acting
on subsets J of the index set Z,

Za,,@é] baﬁMaMB
Zaej Ma ’

In particular, if J = Z, then Qpm[J] has a simple matrix representation: Qsm[Z] =
(BM, M)

(1.5) Qs Mm|[T]| = J CZI.

M, where (-,-), |- |1 denote the Euclidean inner product and the ¢'-vector norm.
1

We first studied the multi-species PKS system (1.1) subject to symmetric arrays
(16) baﬂ = bﬂa, Vo, € 1.

Same as in the single species case, there exists natural dissipated free energy for the system

(1.1)

(1.7) E[n] = Z/nalognadx—k Z l;fl—;//na(m) log |z — y|ng(y)dedy, n:= (ng)aez.

a,BET

The proof of the dissipation of (1.7) is postponed to the next section. We solve the equation
(1.1) in the distribution sense with free energy dissipation constraint.

Definition 1.1 (Free energy solutions). For any distributional solutions n to the equation
(1.1) subject to initial data ng, they are the free energy solutions to (1.1) if the following free
energy dissipation inequality holds on some maximal time interval [0, T})

¢
(1.8) En(t)] + Z/ / no|Vlogn, — Veo|*drds < E[ng), Vt €[0,Ty).
acz V0 R?

If the equality in (1.8) is satisfied, we call it free energy dissipation equality.

The existence and blow-up theorems of (1.1) are stated as follows.
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Theorem 1.1 (Global existence: subcritical mass). Consider the equation (1.1) subject to
initial conditions (1.3). If the symmetric chemical generation matriz B (B, # 0) and the
mass vector M satisfy the following subcritical mass constraint

(198“) QB+,M[I] < 87T7
(1.9b) Q. Mm[JI] < QB Mm[Z] foral 0#T ST

Then the free energy solutions to (1.1) exist for all finite time.

The multi-species mass condition (1.9) recovers the threshold for global regularity of a
single species (after re-scaling), xM < 8w, which is known to be sharp [19, 22, 5, 7, 13]. It
also provides a sharp characterization for global regularity of two-species dynamics.

Here are two prototypical examples.

Example 1.1 (Competition). We consider the 2-species dynamics (1.2) with general sen-
sitivity coefficients x1, x2 > 0,
Ony + x1V-(nmiVey) = Anyg,
Oy + x2V-(naVeg) = Anag,
{ —Acy = ny,

_ACQ =MNnj.

Theorem 1.1 applies to the re-scaled variables n!, = ns/Xo with re-scaled masses M., =

0 Xxixe }
xixe 0
The sub-critical condition (1.9a) now reads ((x2My)™" + (xaMz)™")™" < 4m, while (1.9b)
is void since Qpw[J| = 0 for T = {1},{2}. In particular, if the mass of one species
— either xoM; or x1 My is strictly less than 4w, then (1.9) holds: global regularity follows
independently of the mass of the other species.

Moy /X and the corresponding re-scaled chemical generation array B = [

Example 1.2 (Cooperation). Consider the 2-species dynamics [14, 8]
On1 +x1V - (nVe) = Any,
Ong + x2V - (naVe) = Ang,
Ac+ny+ny —c=0.

Theorem 1.1 applies to the re-scaled variables n!, = ns/Xo with re-scaled masses M., =
2

M, /xa and the corresponding re-scaled chemical generation array B = [ XX;( X;jz@ 1
1X2 2

The sub-critical condition(1.9) now reads

(xaM{ + x2M3)?

201 271!
m M Myt <
a‘X{Xl 17X2 2} M{_’_Mé

< 8,

or — after scaling back,
(M + Ms)?
My /x1+ Ma/x2

The inequality on the right of (1.10) coincides with the first part of characterization for
global existence in [14, Theorem 1]. The inequality on the left of (1.10) holds whenever

< 8.

(1.10) max{x1 My, xo M} <
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2 < X1/x2 < 2 (independent of the M;’s). Observe that (1.10) implies — and is therefore
more restrictive than the second part of the general characterization for global existence in
[14, Theorem 1] which requires max{x1 M, x2Ms2} < 8.

While the last two examples show that the sub-critical mass condition (1.9b) may or may
not be sharp for general |Z| > 2 species, the necessity of the upper-bound in (1.9a) is stated
in the following.

Theorem 1.2 (Blow-up: supercritical mass). Consider the equations (1.1) subject to smooth
mitial datan, € H°, Vo € T, s > 2 with finite second moment, and governed by a symmetric
chemical generation matriz (1.6). If Qs m[Z] > 8, then the solution blows up at a finite
time.

Remark 1.1. Theorem 1.2 tells us that the bound @ m[Z] < 87 is necessary for existence
of global-in-time free energy solution. A sufficient condition for this (strict) bound to hold
is given by, consult Proposition 3.2 below,

(1.11) p(By) max M, < 8, P(X)|xesymmy, , = max Aa(X).

Thus, (1.11) implies that the first inequality (1.9a) is satisfied. As an example, we revisit
the two-species example (1.2) (with x; = x2 = 1). In this case, Qpm[J] = 0 for T G T,
so the second inequalities in (1.9b) are void: it is only the first part, (1.9a), that needs to

be verified. Here p(B;) = 1 and the sufficient condition (1.11) amounts to m{aX} M, < 8,
acq{l,2

which suffices (yet stronger than the sharp (M; ' + M;')™' < 47 encountered before) for
(1.9a) and hence the global existence of (1.2).

To formulate the smoothness and uniqueness theorems, we need further physical restriction
on the free energy solutions. First, the physical solutions to equation (1.1) should satisfy the
conservation of mass:

(1.12a) et =na(0)); = Ma, Ya €I, Vtel|0,T).

Moreover, by formal computation, which is postponed to the next section, we have that the
total second moment of the physically relevant solutions should grow linearly

Vin] := Z/na z,t)|z|*d

aeI o€l

(1.12b) :(Z4Ma)( QBM >t+ZV . Ve 0,T).

a€el

Finally, since it is well-known that the boundedness of the entropy S[n,] := / N logn, is

closely related to existence of smooth solutions, we consider free energy solutions subject to
bounded entropy and free energy dissipation,

Ay[n] := sup {QZGI / na(z, s) log" nal(z, s)dac}

s€[0,t]

(1.12¢) +Z/ /na 7, 8)|Vlogng(r, s) — Ve (z, 8)|Pdrds < oo, YVt < T,

ael
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where T, denotes the maximal existing time and log™ denotes the positive part of the function
log. Similar quantity is defined in the paper [13]. We say that a free energy solution is
physically relevant if it satisfies physical constraints (1.12a), (1.12b) and (1.12¢). Now we
state the theorems concerning the smoothness, uniqueness and long-time behavior of the
physically relevant free energy solutions.

Theorem 1.3 (Smoothnness of the free energy solutions). Consider the equations (1.1) sub-
jgect to initial condition (1.3) and symmetric chemical generation matrices B. The physically
relevant free energy solutions (ng)aer are smooth, i.e., n, € C°((0,T,) x R?), Va € Z,
where T is the mazimal ezistence time. Moreover, the equality holds in (1.8).

Theorem 1.4 (Uniqueness of the free energy solutions). Consider the equation (1.1) subject
to initial condition (1.3) and symmetric chemical generation matriz B . There exists at most
one physically relevant free energy solution.

Theorem 1.5 (Long time behavior of the free energy solutions). Consider the solutions to
(1.1) subject to initial condition n, € H*, Ya € I,s > 2 and symmetric chemical generation
matrices (1.6). There exists a constant C, which only depends on the initial data, such that
the following estimate s satisfied,

C
(1.13) D na(t)f; < o Vel

If the chemical generation matrix B is non-symmetric, the free energy (1.7) defined above
is no longer dissipated. As a result, we cannot use the machinery developed in [5] to prove a
global well-posedness theorem. However, we can still prove the global existence and uniform
in time boundedness results for the multi-species PKS systems (1.1) subject to a special class
of chemical generation matrices which we call essentially dissipative matrices. The definition
is as follows:

Definition 1.2. Define the sequences of subsets T c T < ... c WD of T as follows:
7O = {a € T|bas <0, VB €T}
IW = {a € I|bas <0, VB Z\I" I}, ke {l,2, .||}
If 70D = T, we called the matriz B essentially dissipative.
Remark 1.2. The simplest essentially dissipative matrices B’s are
N %o
-2 —4 0

Essentiall dissipative matrices naturally arise when there are chasing-escaping phenomena
in the multi-species PKS system (1.1). For example, the system (1.1) subject to chemical
generation relation by = —by; = 1, b;; = by = 0 describes the situation that bacteria of
species 1 are escaping from bacteria of species 2, whereas bacteria of species 2 are chasing
bacteria of species 1.

The theorem corresponding to the multi-species PKS model (1.1) subject to essentially
dissipative B is as follows.
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Theorem 1.6 (Non-symmetric interactions). Consider the multi-species PKS system (1.1)
subject to initial condition (ny)o € H®, Yoo € I, s > 2. Assume that the chemical generation
matrix B is essentially dissipative. Then there exists a uniformly bounded H® solution to the
equation (1.1) for all time, i.e., there exists a constant Crs = Cgs({Nao}acz) Such that

S Ina(?)

acl

Hs < CHS < 00, Vt c [0, OO)

Furthermore, there exists a constant C, which depends only on the initial data and B, such
that the following estimate is satisfied,

C
E : 2
(114) |na(t)\2 < 1——|—t7 Vit 2 0.

The paper is organized as follows: in section 2, we give preliminaries and the proof of
Theorem 1.2; in section 3, we prove the existence of global free energy solutions with sub-
critical mass; in section 4, we prove the smoothness of the free energy solutions; in section 5,
we prove the uniqueness of the free energy solutions; in section 6, we explore the long-time
behavior of the free energy solutions; in the last section, we discuss the non-symmetric case.

1.1. Notations. In the paper, we use the notation A < B (A, B > 0), if there exists a
constant C' such that A < CB. We will also use ) to represent ) _; unless otherwise
stated. Constant Cg, Cyrs, Cirrs, Cans and Cy are used to represent universal constant
depending on various differential(integral) inequalities. The exact values might change from
line to line. Given a vector w we let |w|, denote its /7 norm; given a vector function w(-)
we let |w(-)|x denote its norm in vector space X. In particular, |w(-)|, denote the usual L?
spaces, and the distinction between /7 and LP spaces is clear from the text.

2. PRELIMINARIES

Two quantities are crucial in the analysis of the multi-species PKS dynamics (1.1) — the
free energy E[n] (1.7) and the second moment )V, (1.12b). In this section, we calculate
the time evolution of these two quantities formally and give the proof of Theorem 1.2.

Same as in the single species case, the free energy E[n] (1.7) is formally dissipated under
the equation (1.1).

Lemma 2.1. Consider smooth solutions n to the equation (1.1) subject to initial data ng
and symmetric B, the free energy En] (1.7) is deceasing and it satisfies the following free
enerqy dissipation equality

(2.1)  En(t)] = Eng] — Z/O /na|Vlogna — Veo|?dzds =: Elng) —/0 Dn(s)]ds.

a€l
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Proof. We apply the equation (1.1) and the symmetric condition (1.6) to calculate the time
evolution of the free energy E|n]

n :Z/(na)tlogna—Z/@dm—Z/WTmadx
:i/ma)tlogna—i/@dﬁiﬁ—:/(nﬂ)t(y) log [ — ylna (2)ddy
_Z/na log g — Z/ Callta)t +Z “5/% Vog | — ylns(y)dedy

(22) = Z / (no)o(10g o — co)d.

Since the equation (1.1) can be rewritten as
Ong =V - (no(Vlogn, — Ve,)),
applying integration by parts on the time evolution of E[n] (2.2) yields

— Z/na|V10gna — Veo|*dz <0

Now by integration in time, we obtain (2.1). O
Next we give the time evolution of the second moment.

Lemma 2.2. Consider the smooth solutions n to the equation (1.1) subject to smooth initial
data ng € H®, s > 2 and symmetric chemical generation matriz B. The time evolution of
the total second moment ) ., Vo (1.12b) satisfies the following equality

(2.3) dth —(Z4M)(1—Q3é—l‘;m),

a€l
where Q. is defined in (1.5).

Proof. Applying the equation (1.1), the definition of @gm (1.5) and the symmetry condition
(1.6), we calculate the time evolution of the total second moment as follows

<y =S+ 3 [ 2 (Veana)io
a =>4, - Zbaﬁ% // |x_y|2 ns(y)nelz)dudy
—ZW me // ]a:—yP =Y (e () ddy
IS ZwM%
(s )(-22)

This completes the proof of the lemma. 0J
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Remark 2.1. Note that in the proofs of these two lemmas, the symmetry of the matrix B is
always assumed. In the non-symmetric case, i.e., byg 7# bga, neither of these lemmas can be
applied. This is the main difficulty we faced when applying the free energy machinery in the
non-symmetric case.

Proof of Theorem 1.2. Suppose that the solution n is smooth for all time. By the assumption
QB Mm[Z] > 8, we have that the time evolution (2.3) is a strictly negative constant. As a
result, the total second moment will decrease to zero at a finite time 7}, while the L! norm of
the solution 7 [na|1 is preserved. At time 7T}, the smoothness assumption of the solution
will be contradicted. Hence the solution must lose H® regularity before T.. 0

3. GLOBAL EXISTENCE FOR SUBCRITICAL DATA

3.1. A priori estimate on entropy. In the case of a single species, the analysis of PKS
equation proceeds by combining an a priori estimate of the free energy (1.8) together with
a logarithmic Hardy-Littlewood-Sobolev inequality to recover a uniform in time a priori
bound on the entropy, which in turn yields existence of free energy solution for all time.
In the present context of a coupled system of PKS equations, one seeks the corresponding
log-Hardy-Littlewood-Sobolev inequality for systems which guarantees a finite lower bound
of the multi-species functional ¥[n], n := {n,}aeez,

1
3.1 Uin| = /nalognad:v—i-— (o // ne(x)log |z — y|ng(y)dzdy,
a1 =3 [ 7 2 o [ [ male)logle — ylns(y)

a,BET
overall n,’s in the function space

Iu(®) = {(na)aez 70 >0,

/2 Na|logng|dr < oo,
(3.2) R

/ nedr = M,, / ng log(1 + |z*)dr < oo, Va € I}.
R? R

To this end we follow [25]. For an arbitrary subset of our index set, J C Z, one defines the
quantity,

(33)  Ag(M):=87> Mo~ Y aasM.Ms,  M:= (Ma)aez, |I|< 0.
acJ a,BET

Theorem 3.1 ([25, Theorem 4]). Let A = (aap)apsez be a symmetric matriz with positive
entries aq,g = 0.
a) The following

AZ(M) = 07
(3.4) AyM) >0, Y0#£TCTZ,
if Ag(M) =0 for some J, then ana + Ap\jo3(M) >0, Vae J,

1s a necessary and sufficient condition for the lower-bound of the PKS functional miI(1R2) Uln|;
nel'np

b) Moreover, the functional ¥[n] admits a minimizer over Ing(R?) if and only if Az(M) =
0 and Ag(M) > 0 for any 0 # J G I. In this case, there exists a constant, C' = CiyLs
depending on M and B = {bas}, such that the following holds

(35) \I’[H] 2 _CIHLS (M, B) .
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Remark 3.1. As noted in [25, p. 414], if the condition Ay > 0 is violated for some ) # J & Z,
then a scaling argument yields that the functional ¥[n] on the sphere S? has no lower bound
One might be able to use this property to construct blow-up solutions on the plane, when
the following strict monotonicity fails (recalling the functional @g, m in (1.5)

Qe,Mm(J) < Qp, Mm(Z) forall J S I
The above theorem yields the following.

Proposition 3.1. Consider the equation (1.1) subject to smooth initial data and chemical
generation coefficient matrix B. Further assume that B, is not a zero matriz. Suppose that
(1.9) holds ,

Q. Mm[JT] < Qs Mm[Z]<8T, 0#T &I,
then the total entropy Y., [ nalognadx is bounded for all finite time.

Remark 3.2. We will not lose generality if we assume that B, is not a zero matrix. If all
the entries in B is negative, classical techniques are sufficient to analyze the system.

Proof. First we rewrite the free energy dissipation relation (2.1) as follows

E[ng) > >Z/nalognadx+ Z aﬂ //na ) log |z — y|ng(y)dxdy

acl o,B€L

Gk [ v)log | — ylns(y)dady
661 |— y|>1
=(1— Z/na log nodx

+0 (Z/na log nadx + 4— BZI (b §)+ // ne(z)log |z — y|n5(y)dxdy>
(3.6) - ) %(MavngMgVa).
o,BET

Define ang := (bag)+/0 20,0 < 6 < 1.

In order to apply Theorem 3.1, we need to check the condition (3.4). By choosing 6
properly, we make sure that the first condition Az(M) = 0 in (3.4) is satisfied. Direct
calculation yields that

Za,ﬂel (baB)JrMaMﬁ _ QB+,M[Ii
87> per Mp 81
Note that the assumption Qg, m(Z) < 87 guarantees that § < 1. Next we check the

remaining conditions in (3.4). Recalling the definition of § and @, m[J], the following
condition guarantees the existence of the minimizer of ¥ in 'y (R?)

QB+,M[I] > QBJ”M[j], V) £ T ; 7,

87 > ez M
SA; (M) =81y M;— oe (bag)+ Mo Mg >0, Y0 +#T G T,
;7 Za,ﬁez (ba6)+MaMﬁ a%;y =
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Now combining Theorem 3.1, the boundedness of the second moment (2.3) and the fact that
0 < 0 < 1 yields that

Emng] > (1-— Z/na logn, — 0Cigrs — — Z (bap)— (Mo Vs + MsV,,),
a€l a,B€l
FElng| 4+ 0C + os) MV,
:>Z/nalognadx ol + O I?QZM( DAY
a€cl
This completes the proof. O

The proof above shows that the log-HLS will not hold if supp(B) ; Z, or else we can
choose J = supp(B) & Z for which

87> ser Mg
M) - M= . (baﬁ)+MaMﬁ < 0.
[;7 Za,ﬁEI (baﬁ)JrMaMﬁ a,ﬁzgj

The precise characterization of B’s such that (1.9) holds remains open; consult our conjecture
in remark 7.2 below.

The precise characterization of B’s such that both conditions (1.9) hold remains open. We
prove below the a sufficient condition, claimed in (1.11), for the upper-bound (1.9a) to hold.

Proposition 3.2. Let A = (anp)a,pez be a symmetric matriz with positive entries anz > 0,
then

QanmlZ] < p(A) max M,,.

To verify (3.4), we express A in terms of its spectral decomposition A = )" A WoW},
where {(A\,, Wq)} are the ortho-normal eigensystem of A. We compute

(AM, M) Z/\ (M, W) [* < max Ao M3 < max A[M]y max M,

and the result follows, Qa m[Z] < p(A) max, M,.

3.2. Local existence and extension theorems. Before introducing the local existence
theorems of the free energy solutions, we regularize the system (1.1) by appropriately trun-
cating the singularity in the convolution kernel VK = V(—A)~1:

1

K¢ Z:Kl M — 1 .

= () = o

KYj2) = — S logle], |2] > 4
27T M M

KY(Jal) =0, | <1

to get the following regularized multi-species PKS system

(3.7a) ome, + V- (VEns,) = Ang,
(3.7h) ¢ = K% (Z baﬁnﬁ),
Bel
(3.7¢) nt(t =0) = min{nge, e '}, VacZ, xcR>

Note that the masses of the solutions M, = |n,|; are preserved in time.
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Since |VK¢| is bounded for any fixed positive €, applying the Young’s convolution in-
equality yields that the vector field Ve, is bounded in L i.e., Z |Vealoo < Z |V K| oo |bap| M.

a’ﬂ
Now standard convection-diffusion PDE theory can be applied to show that the regularized

system (3.7) admits global solutions in L2((0,T]; H') N C((0,T7]; L?).
The following two propositions are the main local existence theorems.

Proposition 3.3. (Criterion for Local Existence) Let (nS)acz be the solutions to the regu-
larized multi-species PKS system (3.7) on the time interval [0,T) subject to initial constrain
(1.3). If the total entropy . S[ng] is bounded from above uniformly in e, i.e.,

(38) > Shit)] = Z/n;(aj,t) log n (x,t)dx < Cpiegr < 00, VYt e [0,T],

acl o€l

then there exists a subsequence of {(nS)aer}eso converging in the LZL2 strong topology to
a non-negative free-energy solution to the multi-species PKS system (1.1) subject to initial
data (ny)o on the time interval [0,T).

Proposition 3.4. (Blow-up Criterion of Free-energy Solutions) Consider the multi-species
PKS system (1.1) subject to initial condition (1.3). There exists a maximal ezistence time
T* > 0 for the free-energy solution to the system (1.1). Moreover, if T* < oo, then there
exists an o € L such that

lim Ne(t) log ng (t)de = co.
t—T* R2

Proof of proposition 3.3. The proof is divided into three main steps.

e STEP #1. Here we prove A priori estimates on mass distribution n° and chemical
distribution c, to prepare for the latter steps. For the readers’ convenience, we summarize
the uniform in € estimates we obtained in this step:

(3.9a) S 1@+ [2P)ng e orizyy < Cv({(Va)otaer, M) < oo;
(3.9h) > Inglog e orint) < C(Crigr, Cy) < 00;
(3.9¢) Z |V\/”_a’i§(o,T;Lg) < O(Crig L, Cv) < 00;
(3.9d) Y WnaVealtz oz < C(Crigr, Cv) < 0.

Before proving these estimates, we recall the following Gagliardo-Nirenberg-Sobolev inequal-
ity, which is applied several times in the sequel:

(3.10) ul2, < Cans|Vul2 P |ul 3P Yu € H',Vp € [2,00).

We start by proving the second moment control of the solutions (3.9a). Similar to the
calculation in the proof of Lemma 3.11, we have the following:

d , MM
(3.11) E(Z [ rlatar) < 13+ 3 )5

from which the estimate (3.9a) follows directly.
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To prove the L' control of n¢ lognt, (3.9b), we recall the following lemma.

Lemma 3.1. For any g such that (1+ |z|*)g € L} (R?), we have glog™ g € L'(R?) and

1 1
(3.12) / glog™ gdx < —/ g(x)|z|*dx + log(27r)/ g(x)dx + —.
R2 2 R2 R2 e

Proof. The proof of the lemma can be found in the paper [5] and [4]. We refer the interested
readers to these papers for further details. O

The estimate (3.12) yields that
2
/ |ng, log ng, |de < /n;(log nS + |z|*)dz + 2log(2m) M, + =
e

2
< CLlOgL + Cy + 210g<27T)Ma + g

As a result, we prove (3.9b).
Next we show the bound of |V/ng]|? 12(0,75L2) (3.9¢). This term naturally arises when we

calculate the time evolution of the entropy ) S[n.]:
(3.13) dtZSna :—4Z/|V\/_na\ dr+ ) baﬂ/nanﬂdx
acl ael a,BET

If we integrate (3.13), the quantity ) |V\/na|i2(0 T.2) will appear on the right hand side.

Therefore, we need to estimate the other terms in (3.13). Before going into the detailed
estimates of the second term on the right hand side of (3.13), we recall that the total mass
in the superlevel set can be estimated in terms of the entropy bound Cr e 1,

LlogL .
(3.14) Z/ﬂ >Knad:r < log Z/|nalogna|d:v oelK) n(K).

a€el

If K is chosen large compared to the bound Cf e, the constant n(K) will be small. It is
classical to use this fact to control the nonlinearity in the PKS equation. Now the second
term on the right hand side of (3.13) can be estimated using Holder’s inequality, Gagliardo-
Nirenberg-Sobolev inequality and Young’s inequality as follows:

Z bas /nanﬂdx
a7ﬁ
<Ha1%x|ba6| D lnal2 Y Ingl
(0%

B

2
1/2 7-1/2
019 <l (St + 25
2
<2max [bag| (Z alnsxl [ 3/4) +2max \baﬁmfc; M,

<n(K)2Cons max bl <Z M;m) (Z IV, /—nag) + 2max [bas | Z|K > M,

«
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Combining (3.13) and (3.15), we have the following estimate on the time evolution of

> Slna):
d
i ; S[na]

< - Z (4 —n(K)Y2Cens max |bas] <ZM;/2)> |V /a3 + QIE%X bag] - |I|KZMQ.

«

The coefficient —(4 — n(K)Y?Cans maxa g [bagl (3, Mol/2)) is negative for K large enough.
Therefore, for large enough K, we have the following estimate:

S(0)] = Sn(T)] + 2max [bas| - 71K > M,T

T ).
(3.16) Z/ /|V\/nal2dxdt< = < 00.
o Jo 4

— n(K)"?Cgng max b, M2
n(K)"*Cans aﬁX| /3|(za: o)

Since the entropy S[n(7")] is bounded, the right hand side is bounded. This completes the
proof of (3.9¢).
Finally, we prove the estimate (3.9d). The term |/nfVcS |3 naturally arises when we

calculate the time evolution of Z / ng,c; dx

a

thz/” dx:Z/”3A03+Z/n;|ch|2da;.

Integration in time yields that

(3.17)

S [ =5 [ -5 [rox o3 [ s

We first estimate the first term on the right hand side of (3.17). Applying the estimate
of |ng, log ng |1y (3.9b), the relation ¢, = >~ ;bas K * ng and the Young’s inequality
ab < e ' +blnb, Va,b> 1, we deduce that

6 1 €
(@) <5 3 lbus] / Kz~ yma(w)ldy + 5 3 [bas] K(Jz — y)ns(v)ldy
BeT T ser lz—y|>1
1
< [bos] ((1 +ns(y)) log(1 4+ ns(y)) + ﬁ) dy

Bel lz—yl<1 r—y

43 bl | Qg1+ ) +Log(1 + Iy mas)dy
BEL

S 1basl(Criogr + Mg + 1+ Vi + Mglog(1 + |z])).
BeT
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Combining it with the second moment control (3.9a), we have that [n,c,(t) is bounded
independent of € on time interval [0, T7:

(3.18) /nacadx S 1basl(Criogr + Mg + 14+ Va) Mo + Y |bas| MV < oo
BeT BET

The last term on the right hand side of (3.17) can be estimated using the L?([0,T] x R?)
estimate of V/n (3.9¢) and the relation

%;S[n; —4Z/W\/n_e\ d:c+2/

a€el

Time integration of this relation yields that

Z/ / —Ac) dxdt‘ = —§S[nae(0)]+4;/OT/|V\/n_g|2dxdt‘

o€l
NS C(CLlogL) < Q.

Combining this estimate, (3.17) and (3.18), we completed the proof of (3.9d). In this way,
we obtained estimates on the two terms appearing in the dissipation of the free energy.

e STEP #2. Passing to the limit in LZ(9,T; L?) for any § > 0. Here we would like to use
the Aubin-Lions compactness lemma:

Lemma 3.2 (Aubin-Lions lemma, [4]). Take T > 0 and 1 < p < oo. Assume that (f,)nen
is a bounded sequence of functions in LP([0,T); H) where H is a Banach space. If (fn)nen
is also bounded in LP([0,T]; V) where V' is compactly embedded in H and (0f,/0¢)nen C
LP([0, T); W) uniformly with respect to n € N where H is imbedded in W, then (fn)nen 1S
relatively compact in LP([0,T]; H).

Our goal is to find the appropriate spaces V, H,W for (nf).~o. We subdivide the proof
into steps, each step determines one space in the lemma. We will show that the following
estimates are satisfied by the regularized solutions with the constant Cr2g1 independent of
the regularized parameter e:

Inglr2.,02) < Crzm < 0o,
’V”3|L§([5,T},Lg) < Cpzpy <00, Vael

We begin with the H = L*- estimate of ) [ng|? 12(s7).12) Here we prove that the solutions
né(t), Ya € I are L? integrable in space for vt e (6, T]. If the initial data n.g is L?

integrable for all a, the solutions to the regularized equation (3.7) stay in L? for all time.
This is the content of Lemma 3.3. However, the initial constraint (1.3) does not guarantee
LP boundedness, so we prove the hypercontractivity property of the equation (1.1), which
yields that the solutions become L? integrable after an arbitrarily small amount of time

6 > 0. This is the content of Lemma 3.4.

Lemma 3.3. Consider the reqularized multi-species PKS system (3.7) subject to initial con-
dition nag € LP, Yoo € I, Vp € [1,00). If the assumptions in the Proposition 3.3 are satisfied,
then the solutions to the system (3.7) are bounded in LP for ¥t € [0,T].
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Proof. The p = 1 case is equivalent to the fact that the regularized equations preserve mass.

We do the L energy estimate formally, i.e., we assume —Ac, = > 5 bapng, and refer the
interested readers to the paper [5] for detailed justifications. During the calculation, we will
use the following natural implication of the GNS inequality

/ (f = K do < Cons / (f — K)du / V(- K Pde

1
(3.19) < OGNS%/\V(f — K2 2de = OGNgn(K)/W(f — K2 Pd.

Note that if | flog f|; is bounded, n(K) is small if one choose K large. Now we estimate the
time evolution of }__ [(n, — K)4[p with (3.19) as follows

%za:% /(na—K)’idx
:_4pp_21Z/W(na—K)’_’/Qﬁdag—Z%/vc&-wna—K)idx
—Z/Acana(na —K)ﬁ’:ldx
_ —1 /\V K)2dz +p+1Zyba5|/ P (ng — K) dx
p+1KZ|baﬁ|/ pdx+KZ|ba5|/(nﬁ—K)+(na—K)ﬁ_ldl’
a,B
+ K / bags| (N0 — K)2 'da
a,B

and hence we find

<-a2 ! Z/ |V (ne — K)Y*Pda
+ max <Z |baﬁ|) CGNSZ| )+ 1|V (ng — K22

+CP(K>B7M)|( Ng — )Jr’ _'_CP(K’B?M)

< <_4(p—;1) maX (Z |baﬁ|> CGNS) Z/ |V P/2| dr

p
+ (K, B,M) Y (e — K)+ |2 + Cy(K, B, M).
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Due to the estimates (3.9b) and (3.14), the constant n(K) can be made small enough such
that the leading order term is negative, and the estimate can be further simplified as follows:

(3.20) dt2| KBMZ! )1 b+ C (K, B,M).
Now we see that for any finite time interval [0, 7, the LP norm is bounded uniformly inde-

pendent of e. O

Lemma 3.4. Consider the regularized multi-species PKS system (3.7) subject to initial data
ng satisfying (1.3). If the assumptions in Proposition 3.3 is satisfied, then there exists a
continuous function h, € C(R.) such that for almost any t > 0, |n(-,t)|, < hy(t).

Proof. The proof is similar to the corresponding proof in [5] with some modifications. For
the sake of completeness, we sketch the proof. First, we fix ¢t > 0 and 1 < p < oo, and define

(3.21) q(s) =1+ (p— 1);, q € [1,p] for s € [0,¢].

Next, we define the following quantities:

(3.22) Fo(s) = ( /R (na(z,s) = K)i(s)da;) 1/[,(5)’
(3.23) F(s) :(Z]ngs)(s)) l/q(S).

By taking the s derivative of the function F4(*)(s), we obtain the following relation

d als) 7. _ (s)—1 d dq(s)/ds (s) (s)
o Za: /(na(a:, s) — K)17dx = q(s)F? £IF + WW log IF4

Combining it with the log-Sobolev inequality

/f2 log (fjj‘;gdx> dr < 20/ |V f?dx — (2 + 10g(27r0))/f2dx, Yo >0,

and the same argument to prove (3.20), we end up with the following estimate, inside which
the notation (-)’ is used to represent <,

o 1 4 Z/ <”a_ +d:c+2/ )0, nada
g%Z/(na— 10g< +dI+Z/ )4 Ognada
D (L) [t

q?

(3.24) + Z ( —2 — log( 2770))3—; +C(q,B,M, K)) /(na — K)%dz+ C(q,B,M, K).

Here the constants C'(¢, B, M, K') depends on the parameter q. However, since ¢ is lying in a
compact set [0, p| on the time interval [0, ], it can be chosen such that it only depends on the
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fixed parameter p. Now by taking ¢ small enough, we end up with the following differential
inequality

/

Fq_ld%IF < ((—2 - log(%a))g_z +C(p,B,M, K>> F*+C(p,B,M, K).

Combining the fact that F(0) is finite and the coefficient (—2 — log(27m))§—; +C(p,B,M, K)
is time integrable on [0,¢] and applying standard ODE estimates, we obtain that ' < h,(?).
This finishes the proof of the lemma. 0

We now turn to the V-space estimates, where V := H'N{f| [ flz|*dx < co}: Y, |Vng]i%([5,T};L%).
In order to get the L?([8, T|; L?) control of the Vn¢,, we first calculate the time evolution of

> ngl3:

d

o Z/ g |*da = — 2 Z/ Vng Pde +2) / Vil - Vel nt de.
Integration in time yields that

(3.25) Z |n;(T)|§ - Z ’”Z(Mg + Z ’anEf([S,T};L%) < Z ’”ZVCJ%([@T];L@-

We see that since |ng, | e (sr;2) is bounded independent of €, if the right hand side ) ., [ Vg | 225772
is bounded, |Vng| 25712y Will be bounded independent of e. By the HLS inequality, we have
that

Ve la < CHLSZ |bag| - In%]a/3.

BEL

As a result, we have that

g Veslo < [nglal Ve ls < Crpslbag| - 06 |anglas.
B8

Since n¢, is bounded independent of € in the space L{°(6,T;LE), Vo € Z, ¥p € (1,00), the
product nVee is bounded in L{°(§, T'; L2). Combining this fact and the estimate (3.25), we
have that > |Vn;|%$ (61212 s bounded independent of e.

Define the space V as H' N{f| [ flz|*dz < co}. A bounded set in the space V' is precom-
pact in L?. Combining the second moment bound (3.11) and the H' bound of (nf,).cz, We
have that the set (n)cs0, Vo € Z lies in a compact subspace of L? for almost every ¢ € [d, T.
Finally, the TW-estimate where W := H~1: >~ _|9;n is relatively straightforward

thanks to the equation (1.1).

€ ‘2
alp2(6,r;H; ")

e STEP #3. Proof of the free energy dissipation inequality (1.8). Since the solution to the
regularized multi-species PKS system has a decreasing free energy F[n¢|, we have that

(3.26) EMn®(0)] = En®(t)] + Z /;/n;\Vlog nt, — V¢ |Pdxdt, vt € [6,T).
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In order to show (1.8), we need to show proper convergence for each single term in (3.26).
We first decompose the free energy dissipation term as follows:

T
Z/ /n;|v1ogn;—vc;|2d:cdt
o Js JRr2
T T
(3.27) :42/ |V\/ng|2dxdt+2/ / n |V |*dodt
a 1 R2 o 1) R2
T

-2 //ba ne ndrdt.

By the convexity of f — fRQ |VV/f|?dx, weak semi-continuity and the strong convergence
of n¢, in L?([§,T]; L?), we have that the first two terms in (3.27) satisfies the following
inequalities

T T
(3.28) / |V /Na|*dzdt <lim inf/ |V \/n¢,|*dadt
s JRr2 0+ Js JRr2

T T
(3.29) / / No|Veo|*drdt = lim/ / nt |V |*dwdt.
5 Jr? =0+ Js Jre

Since the (nf,).-o converges strongly in the L?([d, T] x R?) space. The last term on the right
hand side of (3.27) converges. Moreover, it can be checked that S[n¢ (t)] — S[n.(t)] for
almost every t € [,T]. The argument is similar to the one used in [5] Lemma 4.6. As a
result, combining these facts and (3.26), (3.27), (3.28) and (3.29) yields that

En(5)] > En(t)] + ) /5 / na|V1ogng — Veo|*dzds.

Now by the monotone convergence theorem and a Cantor diagonal argument, we have proven

(1.8). O

Proof of proposition 5./. We prove by contradiction. Assume that at time 7, < oo, the
entropy » ., S[ng(7%)] is uniformly bounded with respect to e.
First, from the equation (3.7), we directly calculate the time evolution of the entropy:

d
pr Z/ng log ng,dr = — 24/ |VVne|Pdr — Zbag/ ng A(K® x ng)dx
el a a,B na <K

(3.30) - Z ba[g/ ng A(K® % ng)dx
a,B n

¢ >K
= — 24/ \V\/ng|?de + T+ 11
The term I in (3.30) can be estimated as follows:

(3.31) I <Y Klbas| AK |y M.
a75
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Recall that |AK*|; is bounded independent of €, so term I is bounded independent of e.
For the term 77 in (3.30), we estimate it using the Holder’s inequality, Gagliardo-Nirenberg-
Sobolev inequality and Young’s inequality as follows:

1< by ( | pas 18K |nz|§)
a,f ng2

1/2
gr(]ue) (|

1/2[ ]

(332) Z| ( 1o gK 1/20GNS|na|1/ |v\/ ng |2

12
n
-|—C'GNS|AKE|1(+ f/? 1/2|v\/ 95 + |AK€|1MB>

Sl/Q[n ]
e2y P+ Mol /2o /72 _ €12
<Z|baﬂ|CGNS<1+|AK |1)(lOgK)1/2Ma |v na|2+2|ba5| |AK |1M04K-

a,f a,B

Here S, denote the positive part of the entropy, i.e., Si[f] = [ flog" fdz. Combining the
estimates (3.30), (3.31) with (3.32), we end up with

d S ne) 3o
et € € e /2 5
7 S <X ( 4 3 bl a1+ AR M vV

-~

=:A(t)

+ Z |ba5|(1 + |AK€|%)M04K
a?IB

Since the negative part of the entropy and the second moment are bounded (3.12), (3.11),
we have that A(t) can be estimated as follows:

CGNS 1 1
A <—4+—§ o + |AK® Z\/[/2 ¢ + =V(T,
(t) (10 F( 1/2 ’b /3’ | ’ ) (S[na(t)] 92 ( )

1 aﬁ —MaMﬁ -1 V2
(3.33) +5 42&:Ma + az SR | (E - ) + log(2m) Mo e )

Since the entropy > S[n¢] is uniformly bounded independent of € at time T}, we could take
the K large such that A(t) < —2 at time 7T,. By continuity, there is a small time 7, such
that for vt € [T%, T, + 7o),

(3.34) ) S[ng(t)] Zs H(t=T) Y |bapl(L+|AK )M, Yt € [T, To+7].
a,B

But then we can pick 7 independent of ¢ such that

Alt) < -4+ 1ogK1/2(ZS +KT+1) 0.
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The solution 7 to the above inequality is independent of the choice of €, and [T}, T, + 7) C
[T., T, + ) for any e. Therefore, by Proposition 3.3, we can extend the free energy solution
pass the T}, contradicting the maximality of T,. As a result, we have completed the proof
of the proposition. 0

4. SMOOTHNESS OF THE FREE ENERGY SOLUTIONS

In this section, we prove Theorem 1.3. The proof is similar to the arguments in [13]. For
the sake of brevity, we skip some details and emphasize the main differences. The proof is
decomposed into several lemmas. We first introduce the concept of Fisher information and
renormalized solutions, then prove the LP integrability of the physically relevant free energy
solutions and use standard parabolic equation technique to improve it to C'*° regularity, and
conclude with the proof of the free energy equality.

First note from the physical restrictions (1.12b) and (1.12¢) that we have bounded entropy
and free energy dissipation, i.e., Ain] < oo and bounded second moment V[n(t)] for all
t € [0,T%), where T, is the maximal existence time.

Next we present the following time integral bound for the Fisher information

Lemma 4.1. If the conditions in the Theorem 1.5 are satisfied, for any physically relevant
free energy solutions to (1.1) and any time T € [0,1%), there exists a constant Cr such that
the Fisher information of the solution

2
(41) Flng] :_/ Vel
R2 Nea

15 time integrable, i.e.,

(4.2) Z/OTF[na(t)]dt < Cp (M, T, Ar[n], sup)ZVa(t)> . Tel0,T,).

el telo, T

Proof. The proof is essentially the same as the corresponding one in the single species case.
For the sake of brevity, we skip the proof here and refer the interested readers to the proof
of Lemma 2.2 and the remark after in the paper [13] for further details. U

Remark 4.1. For the supercritical mass case, one can use the relative entropy method to
derive the boundness of the entropy and entropy dissipation Ar[n] before the blow-up time
T,. We refer the interested reader to the papers [4] and [13] for further details.

The next lemma enable us to take advantage of choosing different renormalizing functions
in the later proof.
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Lemma 4.2. Any physically relevant free energy solutions n to (1.1) satisfy the following
estimate for any times 0 < tg <ty < T,

/IRQr(na(x,tl))dx+/totl /R " (na(2,5))|Vna(, s)|*dzds
</R2F(na(x,t0))dx

(4.3) + /: /R 2 ((F/(na(ac,s))na(x,s)—F(na(ac,s)))(Zbagnﬁ(s)))+dxds

BEL

< / D(1a (. o) )
3 lbusl [ [ ol 9)ma,9) = Do) o),

BeT

where I' : R — R is an arbitrary convex piecewise C* function satisfying the following
estimates with some constant Cg

(44) D) < Cr(1+ulogu)y), |I'(u)u—TD(w)] < Cr(1+ |uf), VueR.

Remark 4.2. Here in order to analyse the PKS equation (1.1) with general chemical gen-
eration coefficients, we introduce a stronger restriction on the growth of the normalizing
function ' comparing to the paper [13]. Here we assume that the absolute value of the
expression I(u)u — I'(u) grows at most linearly at infinity, whereas in the paper [13], it is
only assumed that the positive part (I'(u)u — I'(u)); grows at most linearly.

Proof. The proof is essentially the same as the proof of Lemma 2.5 in the paper [13]. For
the sake of simplicity, we do a formal computation and refer the interested readers to [13]
for further justifications. By applying the chain rule, we obtain

(4.5)  0(ng) = AT(ng) — I"(na)|Vna|? — Veg - VI(ng) — TV (na) Acang, Vo €.

Now test it against an arbitrary smooth function x € D(R?) and use the relation —Ac, =
Y5 basns, we have the following relation:

/H@F(”a(tl))w“ /t :1 /R T (10)|Via(s)Pxduds = /R T(na(to))xda

t1
—l—/ / (F/(na) Z bagngnaX + T'(na)Ax + T'(ng)V - (Vcax)) dxds.
to R2 8
Rewrite the above relation using the integration by parts and the fact that Ac, = — > 5 basng,

/RQF(na(tl))xdx + /: /RQ I (n4)|Vna(s)*xdzds
~ [ Tl

+ / 1 / ([F,(”a)”a —I'(ng)] (Z baﬂnﬂ) X + [T(na)Ax + T'(ng)Vey - V)d) dxds.
to JRZ 5
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Now take y — 1, we end up with the relation (4.3).

In order to prove the Lemma, one first prove (4.3) with renormalizing function T';, i € N,
which grows at most linearly at infinity. Next one prove the estimate (4.3) with renormalizing
functions with super linear growth (4.4) by taking limit of the inequalities (4.3) subject to
approximating linear renormalizing functions (I';);cny. One use the Lebesgue dominated
convergence theorem to guarantee the convergence of the term

lim : ([Fg(na)na —Ti(na)] (%: baﬂn5)> dxds.

However, if the function ) 5 bapng can be either positive or negative, we have to assume that
IT"(u)u — I'(u)| grows at most linearly near infinity. O

Now we prove the LP estimate of the solution

Lemma 4.3. Consider physically relevant free energy solutions (na)aer to equation (1.1)
subject to initial data (1.3). Let ty € [0,T%) be the time such that ) .7 |[na(to)l, < oo,
for some p € [2,00). Then for all time t, € [to,T] C [to,T%), there exists a constant
Cp = Cp(M, T, > o7 [na(to)lp, VIn(to)], Ar) such that

(4.6) Z [0 (t1) b + —Z/ V(nt/?)|2ds < Cp, p € [2,00).

a€el a€el

Proof. The proof is similar to the corresponding one in [13]. We decompose the proof into
two steps.

Step 1: We prove a logarithmic improvement to the Llog L integrability. The goal is
to show that there exists a constant Cs, := Cs,(M, T, Ar,supy, 7 V[n(t)]) such that the

following estimate is satisfied for any t; € [to, T,
(4.7) > Sifna(t)] <Y Salnalto) + Cs,,  Salf] :Z/f(loAéf)Qdiv

where the lfotg function is the logarithmic function truncated from below:

(4.8) lagu = 1yce + (logu)1yse.
For the sake of notational simplicity, we further introduce the bounded truncated logarithmic
function log; as follows:

(4.9) lofng(u) = Lyce + lecuck logu + 1,5 i log K.

— 2
Since (-)log (-) does not satisfy the growth constraint (4.4), we approximate it by the
function T (u), K > €2,

logu)?, u < K;
4.1 Tg(u) = u(log =
(4.10) (1) { (2+logK)ulogu—2KlogK u> K.

One can check that the function I' is convex and satisfies the properties (4.4)

1
(4.11) I (u) > 284

1
1e<u<K + (2 + IOg K)Elu>K Z

(4.12) T (w)u — T (u)] < 2ulogulycg + 4log Kulysx < Cr(1+ u).
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Now we estimate the time evolution of > [ T'x(n,)dz using the renormalization relation
(4.3), the positivity of byg, (4.11), (4.12) and the definition of log, log, as follows

Z/FK(na(tl))da:+Z/t1/%lna>e|vma)|2dmds
(4.13) <Z / Ty (na(to) )da

+ Z bas] / / 2nalogna no<k + 4log Knalna>K> npdzds

<Z/FK na(to))dx —1-42 |ba5|/ /nalogKnangdxds

Now picking a constant A € [e, K|, we estimate the last term on the right hand side of (4.13)
using GNS inequality as follows:

Z|ba5|/nal/c;gKnan5dx
a76
:Z |baﬁ| (/ nab/\éKnanﬁln[;?Adz + /naloAéKnanﬁlnﬁéAdx)
a?ﬁ

(nafo\:%Kna)(ngﬁgKnrg) / N
<
S QZ/B |baﬂ’ (/ lOgA dr + A nalogKnadx
1 — 4
(4.14) <2 max (Z ’@x,@’) Z (logA/ (\/M) dx + A(M,, + S+[na])>
B a

<20 max (Z ‘ba/3|> % Z ( (Mo + S [na])

1 — — 2

1 V(n

+ o gA(M + 5S4 na / | Knalna>edl’+F[na])>_

<2C% g max (Z |ba5|> X Z ( (Mo + Si[na))

Now combining (4.13) and (4.14) and taking K then A large, we have the estimate

Z/FK(na(tl))dx gZ/rK(na(to))dx
+ 2T Cys max (Z |bagy) > AM, + Syfna]) +4> /t1 Flna)ds
B el a Yt
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By the Lemma 4.2, we have that the estimate (4.7) holds with the constant Cg, depending
on T, Ar and supy<,;<r V[n(t)].

Step 2: As in [13], we define the following renormalization function g, K > e approxi-
mating (-)P:

p
u_7 U\K7

(4.15) i (u) = ﬁp—l(1 ) p—1_, KP oK
1gKuogu U v logK’ u

We can estimate the |7} (u)u — vy (u)| as follows

—1
s (W) — i ()] < P Lucie + 2KP s i

Applying this estimate in the (4.3) yields

Z/7K Na(t1) dx—kz / /|V (n?/?)?1,,, < dxds

KP 1 v a2

logKZ/ /l e Lnozdrds

(4.16) <Z/7K na(to) dm+—Z|baﬂ|/ /n 1, <kngdrds

+2KP! Z |bas] / /nalna>Kn5dxds
o, to
= / Yic(na(to))de + Ty + T,

For the second term T} on the right hand side of (4.16), we decompose it as follows:

1 h
- Z |ba5| / /nglnagKn,B(lngéK —+ 1nB>K)de‘dS
a,fB to
p—1 h
4.17 <—— max ba nPt1,, gdrds
6 (0% X
p o 8 a to
K (p—1) "
+ — Z |ba/3| / /n%lnPKdmls
p o, to

=111 + T2

The treatment of the T}; term is similar to the corresponding one in the proof of Lemma 3.3.
It can be estimated using the Gagliardo-Nirenberg-Sobolev inequality, Chebyshev inequality
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and a classical vertical truncation technique with truncation level A € (0, K) as follows:

-1 t1 p+1
T P ax (Z \baﬁ|> Z/ / (min{na, A} + (naly <k — A)+) dxds
p a ¢
3 o Jto
2P(p—1
g%flp mOE}X (Xﬁ: |ba5’> Za: Ma<t1 — to)
2p o 1 p+1
(4.18) + Lmax (Z Iba5\> Z// <na1na<K — A) dxds
p (e
B a +
2P(p—1
g%flﬁn InoilX (Z |ba5’> ; Ma(tl — t())

+max <Z\baﬁ|> CGJESZ"“ / / IV (n2/?)[*1,,, < dads.

Here we can see that if we choose K then A large enough, the second term can be absorbed
by the dissipative term on the left hand side of (4.16). The second term Tjy in (4.17) has
a different flavor. Here the improved integrability of the solution (4.7) is applied to gain
extra smallness on this nonlinear term. Similar to the paper [13], we apply the bound (4.7),
the Sobolev inequality and Cauchy-Schwarz inequality to estimate the T}5 term in (4.17) as
follows:

AKP Y (p—1 h
Tio <%Z|baﬂ|/ /(”B _K/2)i dxds
4 K=Y
Cs Z|ba5|/ </|V ng — K/2) |dx) ds
G I Vgl
S Z|ba,3|/ (/‘ ,6‘ 1K>n,8>K/2+1nﬁ>K)dx) (/nﬂ]‘nﬁ2K/2) ds

1)Cg sup L Sa[ng or+l
Z |baﬂ| (logt;;SKt ( / /|v | lK/2<n5<KdId8
(4.19)

t1 2
+Kp_1/ /Mlnﬁ>[(dxd8).
to ng

Since Sy is bounded on the time interval [tg,t;] (4.7), if K is large enough, these terms can

be absorbed by the left hand side of (4.16).
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For the last term 75 on the right hand side of (4.16), applying the symmetry of the matrix
B (1.6), Holder inequality and the Young’s inequality, we can estimate it as follows

t1
T2 :2Kp_1 Z/ /nalna>K|ba5’n/g(1nﬂ>K + 1n5<K)dde
a,f to

t1
(4.20) <4KP ' max (Z |baﬁ’> Z/ /nilna>deds.
« 3 - to

Now they are similar to the T3 term in (4.17) and we skip the treatment for the sake of
brevity.
Combining the estimates (4.17), (4.18) and (4.20), we have from (4.16) that

S [otuatede + 3 XD [T 19, duds
< Z/VK(na(to))dx + 2P AP max (Z \baﬁo > M,T.
« B «

Now we can take A fixed and K to infinity to complete the proof of the lemma.
O

Next, arguing along the lines of [13], we end up with the conclusion that free energy
solutions are classical solution for all positive time. We quote

Lemma 4.4 ([13]). Any physically relevant free energy solutions (ny)aezr to (1.1) are smooth
for any strictly positive time, i.e.,

(4.21) ne € C((6,T,) x R?), V3 > 0.
Moreover, we have the following lower semicontinuity of the free energy functional.

Lemma 4.5 ([13]). Consider any bounded sequences (Nak)acz 0f nonnegative functions in
L (R?) with finite second moment Y [ naxlz|*de < co. Assume that {n,,};, has the
same subcritical masses as Ny, i.€., Na k|1 = Mo, Yo € I, Yk € N. If there exists a constant
C' such that the free energy E[(nax)acz| is uniformly bounded in k, i.e., supy, E[(nak)acz] <
C < 00, and {na )32, converges to n, in D'(R?) for all a« € T, there holds
(4.22)

na € LL(R?), / no|o2dz < 0o, Ya €T and El(na)acz] < limint E|(nes)ect).

k—o0

Equipped with lemma 4.4 and 4.5 we turn to the following.

Proof of Theorem 1.5. The smoothness of the solutions is proved in Lemma 4.4. The proof
of the equality in (2.1) is similar to the one in [13]. For the sake of completeness, we detailed
the proof as follows.

Since the solution n,,a € T is smooth for all positive time, the following equality holds
for all ¢,, > 0, where ¢, — 0T:

(4.23) En(t)] = En(t,)] + > /t t na|V logn, — Veo|*dads.
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Combining this with the Lebesgue dominated convergence theorem, the lower semi-continuity
of the functional F proven in the last lemma and the fact that n(¢,) converges to ny weakly
in D'(R?), we have that

t
E[ng) <lim i(r)le[n(tn)] < lim (E[n(t)] + Z/ ne|Vlogn, — Vca’%mds)
n— = tn

t
(4.24) =FEn(t)] + Z/ na|Vlogn, — Ve, |*dads.
— Jo

Recalling the definition of the free energy solution, the proof of the free energy dissipation
equality is completed. 0

5. UNIQUENESS OF THE FREE ENERGY SOLUTIONS

After proving the smoothness theorem for the system (1.1), we are ready to prove the
uniqueness of the physically relevant free energy solutions (n,)acz. To estimate the deviation
between two solutions on a small time interval, some smallness estimates are needed. The
following lemma provides the functional space where we could seek for smallness.

Lemma 5.1. Consider the physically relevant free energy solution n to the system (1.1).
The following holds

(5.1) lim Y43 ™ [nq(t)]4/5 = 0.

t—0t

Proof. The proof is similar to the one in the paper [13]. Before estimating the norm
/4144 /3, we collect some estimates which we are going to use. It is enough to consider
a short interval [0,7] C [0,7}). From the assumptions (1.12b), (1.12¢) we have that the
positive part of the entropy is bounded

D Sifna(t)] < Crigr < 0o, V€ [0,T].

Next we prove the estimate

(5.2) > na(t)3t < Cra(B,M, |Z], Cpios 1) < 00, ¥Vt € [0, 7).

Standard L? energy estimate yields

d
(5.3) 3 i 2 Y (V= Y ba[g/nin[gdm.

a,BET
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Applying the Nash inequality, Gagliardo-Nirenberg-Sobolev inequality and the vertical trun-
cation technique applied in the proof of Lemma 3.3, we estimate the right hand side as follows

d
pr D olnals =D IVnals + ) bagl - nsl3
[ « a,f

SOILILEDY |baﬁ|(|n51n@<f<|3 T gk nsLasxlY )
a,B

Cans Supyep ) S+ m(t)]/?
DINCES 3 (o Cors et SO iy, )

CansC Llo L
i -l ) 4 3 ol

a7ﬁ
(E: |na]2)2 2

5.4 <— a > |basl K2Ms,

(5-4) chmaxaM§]Iy+a5’ d B

where K is a large number chosen such that the coefficient of [Vn,|3 is less than —1/2. Now
by comparing |n, |2 with the solution to the super equation

f2
@’ = T30y max, M2[T]

+ K?Y " |baglMs,  f(0) = o0,
a,B

we obtain (5.2).
Now we estimate the quantity t'/4|n,(t)]s/3. By the Holder’s inequality and the bounded-
ness of the entropy, we have that

2/3 1/3
(t1/4\na]4/3)4/3 :t1/3/n§/3diﬁ < (/ ne(log® ng + 2)dx> (t/ni@ +log* ”a)_2d37>

1/3
(5.5) <C(CLivg, M) (15/712(24—105r na)_zdx) :

To estimate the term in the parenthesis, we separate the integral into two parts and use the
increasing property of the function s/(2 + log™ s)?, the conservation of mass and (5.2) to
estimate each piece

t/ni(Q +log™ ng) 2dx <t/ n2(2 + log" ny) 2dx + t/ n2(2 +log" ny) %dx
na<R n

a>R

<tL/ n dx+;/ n?dx
(2+1og" R)? Ju,er © (2+10g"R)? Juor °
L MR Cp
T (2+1og" R)2 (24 logt R)?

Now set R := 1/t, we have

_ M + Cpe
5.6 t | n2(2+logt n,) 2dx <
(5.6) [ a2+ 10" n) T

Combining this with (5.5) yields the result. O

—0, t—04.
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Now we prove the Theorem 1.4. Consider the equation (1.1) in the mild form. Since we
have smoothness of the free energy solution, we have that the two formulation are equivalent.
Suppose that (1a,1)aez, (Na,2)aez are two solutions subject to the same initial data nag, o € Z,
their difference satisfies:

Naa(t) — naa(t) = — /0 =AYy . (Veaa(s) = Veai(s))naz(s)) ds

— /0 =AY . (Veai(s)(naz2(s) —nai(s)))ds, Vael.

Define the following quantities:

(5.7 Zualt) i= sup 5 (s, £ = {1,2};
0<s<t

(5.8) An(t) == sup s naa(s) = nai(s)|as, VYa €T
0<s<t

The estimate (5.1) yields that lim;_,o, Z,(t) = 0. The A, (t) can be further decomposed as
follows:

/0 UIAYT L (Vepa(s) — Va1 (s))naz(s))ds

0<t<T 4/3
t
+ sup t1/4/ e IAY (Ve (5)(naz(s) — naa(s)))ds
0<t<T 0 4/3
(5.9) =: sup Joi1(t) + sup Jaa(t).
ot<T 0<t<T

Now we estimate the J, 5 term in (5.9) using the Holder inequality, Hardy-Littlewood-Sobolev
inequality, Minkowski integral inequality and heat semigroup estimate as follows

¢
C
Ja2(t) <t1/4/0 mlvca,l|4’na,2 — Nalay/sds

t t1/4
< /0 Cmd52|baﬁ|2m(tma(t)

BeT

(5.10) <OZ 1bas| Z3.1 (1) Aa ().

BEL

Similarly, we can estimate the J, ; term as follows:

(5.11) Jaa(t) S CD [baslAs(t) Zaa(t).
B

Combining (5.9), (5.11), (5.10) and symmetry of B (1.6), we have that
ALT) < basgl sup Zz1 ()AL () + basgl sup Ag(t)Z,o(t
ZO; (T) <> 6|0<th 510 A1)+ | 6|0<th 8(t) Za2(t)

. .
S Ibasl sup Aa(t)(Zsa(t) + Zsa(t))
o o<t<T

ng%x|ba,8| ZAa<T) (ZZZ@K(T)> :

B =1
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Now since Zg,(t) approaches zero as time approaches 04 (5.1), there exists a small time 7"
such that

(5.12) Z A(T') < Z AT, T €10,T).
So we have > A, =0, Vt € [0,7"]. Now the uniqueness follows if we iterate this argument.

6. LONG TIME BEHAVIOR OF THE FREE ENERGY SOLUTIONS

In this section, we studied the long time behavior of the multi-species PKS system (1.1).
Since the solution becomes instantly smooth, we could assume that the initial data n,g is
C>N L' for all & € Z. We rewrite the equation (1.1) in the self-similar variables

X = —— r:=logR(t), R(t):=I+2L

R(t)’
We define the solutions N, C, in the self-similar variables:
1
(6.1) ne(z,t) = 0 )NQ(X, T), caolx,t) = Co(X, 7).

Rewriting the equation (1.1) in the self-similar variables, we obtain that the N,, C,, satisfy
the following equations subject to initial data N, (X, 7 = 0)(n.o(X), Vo € Z:
0-No =AN, +V - (XN,) — V- (VC,N,),
(62) CACL =3 baoNs
BEL

In order to prove Theorem 1.5, we show that the solution NV, to the equation (6.2) is uniformly
bounded in time. This is due to the fact that the L?(dz) norm of solutions n, to the original
problem and the L?(dX) norm of the solutions N, to the equation (6.2) have the following
relation:
‘Noc|%2(dX) _ |Na|i2(dX)

R2(t) 142t
Therefore any uniform in time bound of |Ny|r2(4x) can be translated to decay of |14 r2(da)-

We decompose our proof into several lemmas. First we show that the second moment of the
solutions are uniformly bounded in time.

(6.3) ‘na‘%Q(dm) =

Lemma 6.1. Consider the solutions N,, o € T to the equation (6.2). The total second
moment is uniformly bounded in time, i.e.,

(6.4) Z/N (X, 7)|X[2dX < Cyp < o0, V7 € [0, 00).

ael

Proof. Similar to the proof of (2.3), we calculate the time evolution of the second moment

%;/NQ|X|QCZX:—2§/Na|X|2dX+ (g‘m&) (“QBé—I\;m)'

Now we see that the total second moment is bounded

;/NalXﬁdxgmax{%(;lea)( QBM ) Z/ )o| X| dX}
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Similar to the proof of the estimate (2.1), we can show that the equation (6.2) has the
following decreasing free energy for V7 > 0:

ER[N(7)] /N log N, dX + Z bap //10g|X Y| No(X)Ng(Y)dXdY
acl BEZ

+ZI/N|X|dX Er|[Nol.

Now we apply the log-HLS inequality (3.5) to get a bound for the entropy, Sg[N] =
> o J Nolog NodX, obtaining

Er[Ng] >Eg[N]
>Z/N log NadX + Z /N )log | X — Y|Ns(Y)dXdY
acl o,BeT
// X)log | X — Y| Ny(Y)dXdY + = /N X 24X
X— Y|>1
=(1— /N log NpdX
aeI
+0 (Z/N log Ny dac+ — X)log|X — Y|NB(Y)dXdY>
BEI
- (o)
P o MoV + MgV N, | X |2dX
o, T
>(1—0) /N log™ NodX — (1 -6 /N log™ NodX — 0C;.5(B, M)
a€cl
- (bag) -
e o MoV + MgV N,|X|?dX.
T
a,B

Here the 6 € (0, 1) is chosen as in the proof of Proposition 3.1. Now since the second moment
is bounded for all time (6.4), we have that Cjys < oo and the negative part of the entropy

is uniformly bounded in time, i.e., /NQ(X, 7)log™ No(X,7)dX < C < oo for V7 € [0, 00),
which in term yields that
(6.5) Z/N (X, 7)1og™ No(X,7)dX < Cprigr.r <00, Y7 € [0,00).

a€cl

Once the positive part of the entropy is bounded, we estimate the time evolution »__ |(N, —
K) |3 as in the proof Lemma 3.3

5 dt Z| (No — K) (—3 + (K max (Z |baﬂ|> OGNS> > / V(No — K)4[?dX
B «

+ C(K,B,M)|(N, — K), |5+ C(K,B,M),
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where n(K) < % is made small enough. Now we choose the K large enough and apply

the Nash inequality to get

(o [(Na = K)4[5)?
Cn 2o l(Na = K) L IZ]

+C(K,B,M) > |(N, — K)1 |3+ C(K,B,M).

d
Ve - K) B <

Since |(No — K) 4|1 < |[Naf1 = My < 00, we have that > [(No — K)4]2 < Cr2 g < oo for
V7 € [0,00). This completes the proof of Theorem 1.5.

7. MULTI-SPECIES PKS SUBJECT TO NON-SYMMETRIC COUPLING ARRAYS

7.1. Symmetrizable case. In general, the chemical generation coefficient matrix B is non-
symmetric. This introduces new challenges in the analysis. We will not cover the general
situation in this paper. However, in certain cases, one can symmetrize the system. First
recall the sign function:

1, f>0;
(7.1) sign(f) = 0, f=0;
-1, f<O.

If sign(bas) = sign(bp) and the matrix B is three diagonal, i.e., by # 0 only if | — 3] <
1, the system can always be symmetrized. Specifically, all the two species models with
sign(bi2) = sign(by;) are symmetrizable. To show the method, we consider system (1.1)
subject to general 3-by-3 matrix

Oy, + Z V- (bag(—VA_l)nﬂna) = An,, «a€{1,2,3},

Be{1,2,3}
b117 b127 b13
B = by, b, b |, sign(bag) = sign(bsa), biz=0bs1 =0.

b31 ) b327 b33

First we can multiply the equation of ny by b12/bs; and redefine iy := Z;—fng to obtain

6m1+V . (bll(—VA_l)nlnl —|— bgl(—VA_l)fLQ’rLl) = A?’Ll;
b21622

12

8tﬁ2—|—V . <b21(—VA1)n1ﬁ2 + (—VAil)ﬁQﬁg -+ b23<—VA1)n3'ﬁ,2> = Aﬁg
Now we can do the same trick on the third equation by multiplying it by % and redefine

Ny = Y202m we ohtain that
b32b21

borb baab
Oyfia+V - <b21(—VA1)n1ﬁ2 + 22 (VA )igiiy + 3; 21(—VA1)ﬁ3ﬁ2> = Ay,

le 12
b32b21
b12

Now we see that the new coefficient matrix is symmetric. For general tridiagonal matrix
with sign(bag) = sign(bga), the symmetrization is similar.

632 b21 b33
b12 b23

atﬁ3—i_v ' < (_VA_I)ﬁQﬁg + (—VA_I)fL:;ng) = Aflg
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Remark 7.1. This three diagonal chemical generation matrices B’s correspond to the fact
that there exists a hierarchical structure in the community, in which one species only com-
municates to their direct neighbors.

7.2. Essentially dissipative case. In this section, we prove Theorem 1.6.

Proof of Theorem 1.6. First note that if ZD = Z, then Z(® is not an empty set. Oth-
erwise one obtain that Z(ZD is an empty set, which is a contradiction. We prove that
2o M0 (t)|L5(0,00512) < Crs < 0.

First we prove the L™ bound of the n,’s. We pick all the a® € Z(, and calculate the
time evolution of the |nao|§§, Vp € [1,00) utilising the fact that by < 0 for all 8 € T

1d -1 o 2p—1/ .
af o - A o d
% dt’ ] e (ngo)?|3 2p n_oAcqodz
2p—1
(7.2) — 2t s / nZnsde < 0.
p

BeT

As a result, for any p € [1,00), |[na0l2p < [(Ngo)ol2p- Since the initial data is in L' N L™, we
have that max,ocz0 \nao\Ltoo(Om;Lgo) < Oz < 00. Next we look at all the al’s in the set
ZM . Calculating the time evolution of the L? norm using the Nash inequality , we have

that
1d 2p
P <~ 2 Ve P s [
P BeZ(0)
2p—1 [(na)"l2
< - Zb1|n||n1)|
= 2 BleBloo
p ONl(nal) ‘ BEI(O)
Since [ngle < Cr0) < 00, VP € 7, we have that
(7.3) SUp [na1f3h < max{pCN sup 702> [barslCro, | (mar )ol35}-
t€[0,00) te[0,00 Bez(0)

Since |ngi|pr = Mg < 00 and [(na1)o]r=~ < 00, by the Moser-Alikakos iteration, we have
that |na1]eo < Cra) < 00. By the same argument, we have that

(7.4) SUp |Na(t)]eo < Cos < 00, Va € I

te[0,00)

Since B is essentially dissipative, Z(ZD) = T, we have that 0|25 (0,00:23) < O for all v € Z.
Next we estimate the H* (2 < s € N) norms of the solutions. Assume that we have already

obtained the H*! estimate, i.e.,

(7.5) |na(t)

Hs—1 < CHsfl < o0, \V/t c [O, OO)
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We estimate the time evolution of > |V*n,|3 using the GNS inequality and HLS inequality
as follows:
s+1

d
it Z [Vonal3 < — Z Vot na 5 + Z Veal2 | Vonal3 + Z Z |vgca|i|vs+l_£na|i
o a (=2
Z T e+ 3 sl + €L
a,B8
s+1
+ ) ) basl - IV sl 5V
a,B (=2
‘vSna|2+2/s )
S0 ot T 2V el 2 nali
Canslnals

Since ), [nalree(0,00:22) < Coo + 24 Ma, we have that
Z ‘Vsna(t)b < CHS(Com Z ’vsnao‘% M7 B) <00

«

for all t € [0, 00). This completes the proof of the theorem. O

We conclude with a remark concerning the long time behavior of the solutions. We can
rewrite the equation (1.1) in the self-similar variables as in Section 6 (6.2). Applying similar
techniques from the proof of Theorem 1.6 yields that the solutions n decay in L?, i.e.,

C
2
(7.6) E Ina(t)]z < 77 teRy.

e

Here C'is a constant which only depends on the initial data. We sketch the proof as follows.
As in Section 6, the goal is to show that Y |N,|3 72(ax) is uniformly bounded in time 7 €

[0,00). For the sake of sunphmty, we use | - [, to denote |- |rr(ax). First we estimate the
L? norms of the solutions ny, a® € Z. Combining standard L? energy estimates, Nash
inequality and the fact that byos < 0 for all B € 7 yields that

1 d 2p 2(2p—1) 2p — 1 9
— —|(N,o)P|? = \Y% 2 T (NP3 ba /NdeX
2y 25| (Neo )l V(N3 + 3y Nyl + =5 ; o8 [ NN
2p—1 |(Nao)Pl3  2(2p—1)
p* COn|(Noo)Pli 2p
This estimates yields that
sup | Noo(7)[5h < max{pCx sup |(Nao)(7)[?7, |Nao (0)30}.

r€[0,00) 7€[0,00)

|(Nao)?[5-

Since | Nyo|1 = Myo < 00 and [ Nyo(0)|p1nze < 00, we can apply the Moser-Alikakos iteration
to obtain that

(7.7) sup | Noo(7)| 1> < Crio) < 0.

7€[0,00)

Now applying the same iteration technique as the one in the proof of Theorem 1.6 yields the
result.
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Remark 7.2. Direct application of the free energy method yields following general result:

Assume that the matrix B only has positive entries, i.e., B = B, case. Define the support
of a symmetric matrix C,,«., to be the indices of the rows such that there exists non-zero
entries in this row, i.e., supp(C) = {i € {1,2,...,m}|C;; # 0 for some j € {1,2,...,m}}. If
there exists a sequence of positive symmetric matrices {By}e. such that ), . B, = B and

QB,m[T N suppBy| < @B, m[Z N suppBy| < C; < 8,
forall ) # 7 S Z and YVl € L, and

Z C€1a€suppBg < 87T7

el

for Va € Z, then there exists a global solution. A conjecture is that if this condition involving
the strict inequalities fails, namely, if some of the strict inequalities <’s are replaced by >’s,
then there must be a finite time blow-up.
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